Mott insulator to superfluid transition of ultracold bosons in an
  optical lattice near a Feshbach resonance by Sengupta, K. & Dupuis, N.
ar
X
iv
:c
on
d-
m
at
/0
40
63
96
v2
  [
co
nd
-m
at.
su
pr
-co
n]
  1
5 A
pr
 20
05
Europhysis Letters PREPRINT
Mott insulator to superuid transition of ultraold bosons
in an optial lattie near a Feshbah resonane
K. Sengupta
1
and N. Dupuis
2
1
Department of Physis, Yale university, New Haven, CT-06520-8120
2
Laboratoire de Physique des Solides, CNRS UMR 8502, Université Paris-Sud, 91405
Orsay, Frane
PACS. 05.30.Jp  Boson systems.
PACS. 73.43.Nq  Quantum phase transitions.
PACS. 03.75.Lm  Tunneling, Josephson eet, Bose-Einstein ondensates in periodi poten-
tials, solitons, vorties and topologial exitations.
Abstrat.  We study the phase diagram of ultraold bosons in an optial lattie near a Fes-
hbah resonane. Depending on the boson density, the strength of the optial lattie potential
and the detuning from resonane, the ground state an be a Mott insulator, a superuid phase
with both an atomi and a moleular ondensate, or a superuid phase with only a moleular
ondensate. Mott insulator to superuid transitions an be indued either by dereasing the
strength of the optial lattie potential or by varying the detuning from the Feshbah resonane.
Quite generally, we nd that for a ommensurate density the ground-state may undergo several
insulator-superuid or superuid-insulator transitions as the magneti eld is varied through
the resonane.
Reent experiments on ultraold trapped atomi gases have opened a new window onto
the phases of quantum matter [1℄. A gas of bosoni atoms in an optial or magneti trap has
been reversibly tuned between superuid (SF) and insulating ground states by varying the
strength of a periodi potential produed by standing optial waves. This transition has been
explained on the basis of the Bose-Hubbard model with on-site repulsive interations and hop-
ping between nearest neighboring sites of the lattie [2℄. As long as the atom-atom interations
are small ompared to the hopping amplitude, the ground state remains superuid. In the
opposite limit of a strong lattie potential, the interation energy dominates and the ground
state is a Mott insulator (MI) when the density is ommensurate, with an integer number of
atoms loalized at eah lattie site. Another aspet of trapped bosoni atoms that has been
studied extensively in reent years (without the optial lattie) is the dramati inrease in
the eetive atom-atom interation due to the presene of a Feshbah resonane [3, 4℄. Near
the resonane, whih an be experimentally realized by tuning an external magneti eld, the
atoms an resonantly ollide to form moleular bound states. Remarkable phenomena asso-
iated with a Feshbah resonane, inluding oherent atom-moleule osillations and ollapse
of the Bose-Einstein ondensate, have been experimentally observed [4℄.
In this Letter, we study a Bose gas in the presene of an optial lattie near a Feshbah
resonane. Starting from an eetive Bose-Hubbard Hamiltonian, we rst obtain the various
© EDP Sienes
2 EUROPHYSICS LETTERS
Mott insulating states that are stable in the limit of a strong optial lattie. We then study
the stability of these states by deriving an eetive Landau-Ginzburg theory for the MI-
SF transition. Depending on the boson density, the strength of the optial lattie potential
and the detuning from resonane, the ground state an be a MI, a SF phase with both an
atomi and a moleular ondensate, or a SF phase with only a moleular ondensate. MI-SF
transitions an be indued either by dereasing the strength of the optial lattie potential or
by varying the detuning from the Feshbah resonane. For odd ommensurate densities, Mott
phases are found to be always unstable to superuidity on the moleular side of the Feshbah
resonane. For even ommensurate densities, Mott phases an be stable on both sides of the
resonane and may undergo several MI-SF or SF-MI transitions as the magneti eld is varied
through the resonane.
Bosons in an optial lattie near a Feshbah resonane an be desribed by the generalized
Bose-Hubbard Hamiltonian
H =
∑
σ=a,m
[
−tσ
∑
〈r,r′〉
(ψ†σ(r)ψσ(r
′) + h.c.)− µσ
∑
r
ψ†σ(r)ψσ(r)
+
Uσ
2
∑
r
ψ†σ(r)ψ
†
σ(r)ψσ(r)ψσ(r)
]
+Uam
∑
r
ψ†a(r)ψ
†
m(r)ψm(r)ψa(r) − α
∑
r
(ψ†m(r)ψa(r)ψa(r) + h.c.). (1)
ψσ, ψ
†
σ are bosoni operators for atoms (σ = a) and moleules (σ = m). The disrete variable
r labels the dierent sites (i.e. minima) of the optial lattie. 〈r, r′〉 denotes a sum over
nearest sites. The optial lattie is assumed to be bipartite with oordination number z. tσ is
the intersite hopping amplitude, and Uσ the amplitude of the atom-atom (σ = a) or moleule-
moleule (σ = m) interation. Uam gives the amplitude of atom-moleule interations. µa = µ
and µm = 2µ− ν are the hemial potential for atoms and moleules. The hemial potential
µ xes the total number of atoms (free or bound into moleules). ν is related to the energy of
a moleular bound state and is a funtion of the applied magneti eld. A negative detuning
from resonane (ν < 0) favors the formation of moleules. The last term in Eq. (1) desribes
the atom-moleule onversion and the parameter α depends on the resonane width [3, 4℄.
The Hamiltonian (1) an be derived from a mirosopi model starting from the bare atom-
moleule Hamiltonian in the presene of the optial lattie [4℄ and expanding the operators
ψa, ψm on the lowest-band Wannier states [5℄. We shall not attempt to alulate the expliit
values of Uσ, tσ, Uam and α from the mirosopi Hamiltonian, but rather treat them as free
parameters. We take Ua = Um = 1 and α = 0.5, and vary Uam and ta = tm sine the
qualitative aspets of the phase diagram do not depend on the preise values of α, Ua/Um and
tm/ta [6℄. We also neglet the trap potential, whih is not expeted to hange qualitatively
the main onlusions of our work.
Let us rst disuss the phase diagram in the loal (i.e. single-site) limit where ta =
tm = 0. For an integer number n0 of partiles per site, the Hilbert spae is spanned by
the states |na, nm〉 = (na!nm!)
−1/2(ψ†a)
na(ψ†m)
nm |vac〉 where the number of atoms (na) and
moleules (nm) satisfy na + 2nm = n0. |vac〉 denotes the vauum of partiles. In this basis,
the Hamiltonian H(n0) is a real symmetri matrix, dened by
H(n0)nm,nm = −µn0 + νnm +
Ua
2
na(na − 1) +
Um
2
nm(nm − 1) + Uamnanm,
H
(n0)
nm−1,nm
= −α[(na + 2)(na + 1)nm]
1/2, (2)
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Fig. 1  Phase diagram in the loal limit (ta = tm = 0) vs hemial potential µ and detuning ν from
the Feshbah resonane. α = 0.5, Ua = Um = 1. Uam = 1 (left), Uam = 0.25 (right). Eah phase is
labeled by the number n0 of atoms (free or bound into moleules) per site.
whih an be numerially diagonalized. In the following we shall denote the eigenstates and
eigenenergies by (φ
(n0)
i , E
(n0)
i ), i = 1, · · · , dn0 , where dn0 = n0/2 + 1 ((n0 + 1)/2) for n0 even
(odd).
The phase diagram in the loal limit as a funtion of the hemial potential µ and the
detuning ν is shown in Fig. 1 for Uam = 1 and Uam = 0.25. Eah phase is labeled by the total
number n0 = na + 2nm of bosons per site where na and nm are the mean number of atoms
and moleules. First let us onsider the Mott states for large detuning |ν|/α ≫ 1. For even
n0, the Mott states are stable on both sides of the resonane: for ν > 0, there are na = n0
atoms per site whereas for ν < 0 there are nm = n0/2 moleules per site. For n0 odd, the
MI's are stable only for ν > 0. For ν < 0, the ground state for odd n0 is a superposition
of two Mott phases with (n0 − 1)/2 and (n0 + 1)/2 moleules per site and hene unstable to
superuidity for any nite ta, tm. The phase diagram for small detuning (|ν|/α < 1), on the
other hand, depends ruially on Uam. In ontrast to the ase Uam ≥ 1, for Uam ≪ 1, the
Mott phases with odd n0 an our even when ν < 0 as seen in Fig. 1.
In order to study the instability of the Mott phases towards superuidity in the presene
of nite intersite hopping, we perform an expansion about the loal limit. Our approah is
a generalization of mean-eld theories previously used for the Bose-Hubbard model [7℄. We
write the partition funtion Z as a funtional integral over omplex bosoni elds ψa, ψm
with the ation S[ψa, ψm] =
∫ β
0
dτ
{∑
r,σ ψ
∗
σ(r)∂τψσ(r) +H [ψ]
}
(τ is an imaginary time and
β = 1/T the inverse temperature). Introduing an auxiliary eld φσ to deouple the intersite
hopping term by means of a Hubbard-Stratonovih transformation, we obtain
Z =
∫
D[ψ, φ]e−(φ|t
−1φ)+((φ|ψ)+c.c.)−S0[ψ]
= Z0
∫
D[φ]e−(φ|t
−1φ)
〈
e(φ|ψ)+c.c.
〉
0
= Z0
∫
D[φ]e−(φ|t
−1φ)+W [φ], (3)
where we use the shorthand notation (φ|ψ) =
∫ β
0 dτ
∑
r,σ φ
∗
σ(r)ψσ(r), et. t
−1
denotes the
inverse of the intersite hopping matrix dened by tσ
rr
′ = tσ if r, r
′
are nearest neighbors and
tσ
rr
′ = 0 otherwise. S0 is the ation of the ψ eld in the loal limit (ta = tm = 0). 〈· · ·〉0
means that the average is taken with S0[ψ]. In the last line of (3), we have introdued the
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Fig. 2  Mean-eld phase diagram obtained from the free energy F [Eq. (5)℄. MI: Mott insulator,
AC-MC: SF phase with AC and MC, MC: SF phase with MC. The solid (dashed) lines indiate seond
(rst) order transitions. T = (0,Λ2(gm/ga)
1/2/[4(gagm)
1/2+gam]) and J = (Λ
2/[4(gagm)
1/2+gam], 0)
separate seond and rst order MI-SF transition lines.
generating funtional of onneted loal Green's funtions [8℄:
W [φ] = −
∑
σ,1,2
φ∗σ(1)Gσ(1, 2)φσ(2) +
1
4
∑
σ,1,2,3,4
GIIcσ (1, 2; 3, 4)φ
∗
σ(1)φ
∗
σ(2)φσ(4)φσ(3)
+
∑
1,2,3,4
GIIcam(1, 2; 3, 4)φ
∗
a(1)φ
∗
m(2)φm(4)φa(3)
+
1
2
∑
1,2,3
[Λam(1, 2; 3)φ
∗
a(1)φ
∗
a(2)φm(3) + c.c.], (4)
up to quarti order in the elds. Here i ≡ (ri, τi) and
∑
i ≡
∫ β
0 dτi
∑
ri
. Gσ(1, 2) =
−〈ψσ(1)ψ
∗
σ(2)〉0, G
IIc
σ (1, 2; 3, 4) = 〈ψσ(1)ψσ(2)ψ
∗
σ(4)ψ
∗
σ(3)〉0,c andG
IIc
am(1, 2; 3, 4) = 〈ψa(1)ψm(2)ψ
∗
m(4)ψ
∗
a(3)〉0,c
are single-partile and two-partile onneted loal Green's funtions, and Λam(1, 2; 3) =
〈ψa(1)ψa(2)ψ
∗
m(3)〉0.
We determine the zero-temperature phase diagram within a mean-eld approximation
where φa and φm are assumed to be time and spae independent. A nite value of φσ signals
superuidity sine φσ = ztσ〈ψσ〉 at the mean-eld level. The free energy (per site) F is
obtained to quarti order from Eqs. (3,4):
F = F0 +
∑
σ
(
rσφ
2
σ +
gσ
2
φ4σ
)
+ gamφ
2
aφ
2
m − Λφ
2
aφm, (5)
where, with no loss of generality, the order parameters an be hosen real. F0 = −T lnZ0 is
the free energy in the loal limit. The oeients of the free energy expansion (5) are given
by rσ = (ztσ)
−1 +Gσ, gσ = −G
IIc
σ /2, gam = −G
IIc
am, and Λ = Λam where all the loal Green's
funtions are evaluated in the stati limit and for T → 0. For instane Gσ ≡ Gσ(iω = 0),
where Gσ(iω) is the Fourier transform of Gσ(τ) (ω is a bosoni Matsubara frequeny). The
mean-eld phase diagram obtained from F is shown in Fig. 2 [9℄. There are three dierent
ground states: MI: φa = φm = 0, SF phase with both an atomi and a moleular ondensate
(AC-MC): φa, φm 6= 0, and SF phase with only a moleular ondensate (MC): φa = 0, φm 6=
0. The existene of two dierent SF phases in a Bose-Einstein ondensate near a Feshbah
resonane has been reently predited in Ref. [10℄ [11℄. Both SF phases spontaneously break
the U(1) gauge invariane, i.e. the invariane under the phase transformations φa → φae
iθ
and
φm → φme
2iθ
. The MC phase breaks only the U(1)/Z2 symmetry sine φm → φm for θ = pi.
The residual disrete Z2 symmetry is spontaneously broken at the (Ising-like) transition to
the AC-MC phase whih ours near the resonane [10℄.
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Fig. 3  Same as Fig. 1, but for a nite intersite hopping zta = ztm = 0.04. The MI's (labeled by
the number n0 of atoms (free or bound into moleules) per site) are surrounded by SF phases. The
solid (dashed) lines indiate a transition from a MI to an AC-MC (MC) SF phase. Transition lines
between AC-MC SF phases and MC SF phases are not shown.
The phase transitions are seond order exept near ra = rm = 0 where they beome rst
order (Fig. 2) [12℄. In the following, we neglet the possibility of rst-order phase transitions so
that the phase boundaries of the Mott insulating phases are determined by ra = 0 or rm = 0.
This approximation overestimates the stability of the Mott phases, but is expeted to give a
orret qualitative desription of the phase diagram. Sine the region where rst-order phase
transitions our shrinks with Λ (and therefore α), as shown in Fig. 2, this approximation
should be quantitatively orret when α≪ Ua, Um, Uam.
To proeed further, we need to determine rσ and therefore the single-partile loal Green's
funtion Gσ. Using the eigenstates φ
(n0)
i of H
(n0)
, we nd (for T = 0)
Gσ = −
dn0−pσ∑
i=1
|〈φ
(n0−pσ)
i |ψσ|φ
(n0)
1 〉|
2
E
(n0−pσ)
i − E
(n0)
1
+
dn0+pσ∑
i=1
|〈φ
(n0)
1 |ψσ|φ
(n0+pσ)
i 〉|
2
E
(n0)
1 − E
(n0+pσ)
i
, (6)
where pa = 1 and pm = 2, and φ
(n0)
1 denotes the ground state of H
(n0)
. Fig. 3 shows the
phase diagram in the (ν, µ) plane for zta = ztm = 0.04. Mott phases with dierent n0 are
now separated by SF phases. Transitions between AC-MC and MC phases, whih are beyond
the sope of this Letter, are not shown. MI's with odd and even ommensurate densities
(to be referred to as odd and even MI's in the following) exhibit dierent behaviors. As
ta = tm inreases, odd MI's beome instable towards an AC-MC SF phase and are pushed
to higher values of ν. Above the ritial value zt
(c)
a = Ua(2n0 + 1 +
√
n20 + n0)
−1
, the odd
MI with n0 atoms per site has beome entirely superuid. The behavior of even MI's is more
involved. They an be stable on both sides of the Feshbah resonane, and are unstable both
towards AC-MC and MC phases as ν, µ or ta = tm are varied. The phase diagram and
the disappearane of the MI's as ta = tm inreases turns out to be strongly dependent on
the preise values of Uam and α, as well as on Ua/Um and ta/tm. Quite generally, however,
we nd that for a ommensurate density and ertain values of the strength of the optial
lattie the ground-state may undergo several MI-SF or SF-MI transitions as ν is varied. This
phenomenon always ours for even ommensurate densities [see Fig. 3 for n0 = 4 (left panel)
and n0 = 2 (right panel)℄ but is restrited to small values of Uam for odd ommensurate
densities [right panel of Fig. 3 for the n0 = 3 phase℄.
The dierene between odd and even phases is also learly seen by onsidering the phase
diagram at onstant density. The density n is given by n = −∂F/∂µ. In the SF phase near
6 EUROPHYSICS LETTERS
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Fig. 4  Phase diagram for n = 3 vs intersite hopping amplitude ta = tm and detuning ν from the
Feshbah resonane. α = 0.5 and Ua = Um = 1. Uam = 1 (left), Uam = 0.25 (right).
the SF-MI transition, we obtain
n =
{
n0 +
ra
ga−
Λ2
2rm
∂ra
∂µ (AC−MC phase)
n0 +
rm
gm
∂rm
∂µ (MC phase)
(7)
where n0 is the density of the nearby MI. Thus at the transition points where ∂µrσ = 0, the
density n remains ommensurate and equal to n0. The ondition ∂µrσ = 0 implies that the
boundary between the MI and the SF phases has a vertial tangent in the (ν, µ) plane (Fig. 3).
The phase diagrams for n = 3 and n = 2 are shown in Figs. 4 and 5. As disussed above,
we observe MI-SF and SF-MI transitions as ν is varied at onstant ta = tm. For large Uam,
the MI will be more robust for an integer mean number of atoms and moleules, whereas for
small Uam it is more likely to beome superuid. This explains why the behavior of the n = 2
phase near ν ∼ 1 is strongly dependent on Uam (Fig. 5).
Let us nally disuss a few important points with respet to experiments. In the viinity
of the Feshbah transition, where the interation energy beomes strong, the validity of a
single-band Hubbard model beomes questionable. However, this eet is signiant only in
a region of width α/U around ν = 0 and will not hange our onlusions for most regions of
the phase diagram for narrow resonanes. Quantitative preditions of our model have to be
supplemented with standard T-matrix renormalization eets near the MI-SF transition. This
requires a more thorough analysis of the role of the optial lattie [13℄ and is beyond the sope
of our work. However, we expet the qualitative preditions of the present theory regarding
the Mott phases and the MF-SI transitions to be valid. At high lattie lling, moleules are
-1 0 1 2 3 4 5
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z
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=
z
t
m
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Fig. 5  Same as Fig. 4 but for n = 2. The solid (dashed) lines indiate a transition from a MI to an
AC-MC (MC) SF phase.
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likely to be unstable due to inelasti three-body ollisions; this diulty does not arise in the
n = 2 and n = 1 Mott phases, whih are therefore good experimental andidates to test our
preditions. In the presene of the trap potential, superuid and Mott phases an oexist in
ertain ranges of experimental parameters, and MI-SF transitions should rather be seen as
rossovers than real quantum phase transitions [14℄. However, this does not invalidate our
main onlusions as stated below (if we understand transitions as rossovers).
In onlusion, we have shown that a Bose gas in an optial lattie near a Feshbah reso-
nane exhibits a very rih phase diagram. Charateristi features of this phase diagram, whih
are qualitatively robust irrespetive of preise numerial parameter values, are: i) MI-SF tran-
sitions an be indued either by dereasing the strength of the optial lattie or by varying the
magneti eld whih ontrols the detuning from resonane. ii) MI's with odd ommensurate
density are always unstable to superuidity on the moleular side of the resonane whatever
the strength of the optial lattie potential. iii) MI's with even ommensurate density an
be stable on both sides of the resonane. iv) For a ommensurate density the ground-state
may undergo several MI-SF or SF-MI transitions as the magneti eld is varied through the
resonane. We therefore expet a measurement of the momentum distribution funtion [1℄
to display several transitions between peaked interferene patterns (SF state) and featureless
uniform distribution (MI) as the magneti eld is varied. Another possible experiment would
be to measure the evolution of the exitation spetrum as the magneti eld is varied, using
two-photon Bragg spetrosopy [15℄.
K.S. thanks S.M. Girvin for support during ompletion of this work.
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